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Exact equations for bipolarons in the strong-coupling limit
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Universitaire Insteliing Antwerpen (UIA), Departement Natuurkunde, Universiteitsplein 1,
B-2610 Antwerpen, Belgium

Received 18 July 1994, in final form 29 September 1994

Abstract. Equations for the bipolaron wavefunction, ground-state energy and effective mass
are derived which are exact in the strong-coupling limit. The results are obtained for large
bipolarons in an arbitrary number of spatial dimensions (D). We apply our results to the cases
D=123

1. Introduction

Two identical charged particles (electrons), placed in a polar or ionic erystal, interact with
the lattice vibrations which induces an attractive retarded force between them. Under certain
conditions, a bound state can exist of two electrons surrounded by a common cloud of virtual
phonons. Such a quasi-particle is referred to as a bipolaron. Interest in bipolaron properties
has been renewed by the possibility of a bipelaron mechanism for high-T, superconductivity:
bipolarons act as charged bosons undergoing a Bose-Einstein condensation in real space.
For large bipolarons, such a mechanism was studied by Vinetskii and Pashitskii [1] and
then developed by Emin and Hiilery [2]. The Antwerp group [3] and Bassani et al [4]
recently published some papers concerning the stability region for bipalaron formation and
the possibility of a bipolaron mechanism for high-T,, superconductivity.

The prerequisite for such theories is the very existence of bipolarons. Previously,
various bipolaron characteristics such as their ground-state energy, effective mass, radius
and number of virtual phonons (see review article [5] and references therein) have been
investigated. The main conclusion of the majority of the published papers is that bipolarons
can exist in a particular range of critical values for the coupling constants of the competing
interactions: the attractive electron—phonon (@) and repulsive Coulomb (I7) interaction.
For bipolaron formation, the repulsive force should be weak enocugh while the electron-
phonon interaction has to be sufficiently strong to overcome the repulsion. Previously, the
critical values of the coupling constants were determined by different aunthors using different
variational upper estimates for the bipolaron energy. The advantages of such variational
approaches are obvious: these methods lead to estimates of the bipolaron characteristics
for the whole range of values of the electron~phonon coupling constant, especially the
intermediate values.
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Polaron effects [6] are important for many potar dielectrics and semiconductors of the
AMBY and the A'BY groups. Such materials have electron—phonon coupling constants in
the range of small and intermediate values. In addition to mobile charge carriers in solid-
state systems, there are also different classes of systems with anomalously high values of
the electron—-phonon coupling constant, for example, protein globules and solvated electrons
in liquids (see, e.g., papers by the Pushchino group [7]).

The goal of the present paper is to derive exact equations describing bipolarons in
the strong-coupling limit. The same limit for the single polaron was investigated in early
papers by Pekar, Landau and Pekar, Bogolubov, and Tyablikov [8]. Numerical calculations
for 3D (bulk) polarons have been performed by Miyake [9] and for 2D polarons by Wu et al
[10]. In a recent paper by Bogolubov [11], the procedure for deriving the strong-coupling
equations was simplified. Here we generalize it to the case of the bipolaror and improve
this approach to avoid divergences.

The formation of the bipolaron and the existence of excited states of both polarons
[12-14] and bipolarons is important in electron transfer processes in a broad variety of
condensed matter. A lot of work has already been performed on the 2D and 3D bipolaron
ground state 3,4, 15, 161,

The main advantages of the approach used in this paper are that: (i) apart from the purely
theoretical interest in strongly coupled electron-phonon systems, the equations can serve
as a test for the accuracy of the so-called ‘all-coupled variational’ approach to bipolaron
characteristics; (i) in addition to the variational equation, a Schrédinger equation is also
derived with which it becomes possible to investigate the excited states of the strongly
coupled bipolaron (which are not attainable with the usual variational approach [14] and
which, as far as we know, have not yet been investigated); and (iii) the equations are
applied to the case of the 1D bipolaron (tackling the divergences which are inherent to this
problem). A very thorough study of the 1D bipolaron and its excited states can then be
performed by solving the nonlinear effective Schridinger equation (see [17]). Apart from
the characteristics and discussion on the existence of the bipolaron and its excited states,
some pecularities appear because of the nonlinearity of the equation.

In many systems, the electrons (or holes) move in planes (e.g. quantum wells, CuQ;-
planes in high-T; superconductors) or along one direction {e.g. quantum wires, polymers).
Therefore, we will consider bipolarons in a space with an arbitrary number D of dimensions.
Note that at D = 2 the bipolaron effects are enlarged {4, 15, 16] compared with the D =3
case.

The present paper is organized as follows. In section 2, we derive the exact equations
for the bipolaron characteristics in the strong-coupling limit. In section 3, we study the
equation for the bipolaron ground-state energy and effective mass. Section 4 deals with the
special case of one-dimensiohal bipolarons.

2. Basic equations

The Frohlich Hamiltonian for two electrons interacting with the phonon field is written as
follows

p; | P} f
H = o + o + ?hwkakak + U(lr —ml)

+ > larVile® ™ + ) 4 al Vi@ BT 4 o)) @1
k
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where 7;(p,) are the position (momentum) operators of the ith electron, m is the electron

band mass and az (ax) are the creation (annihilation) operators of phonons with wavevector
k and frequency wy. The potential U{|r; — r3|) corresponds to the direct (Coulomb)
interaction between electrons and the quantities V}, are the Fourier transforms of the electron—
phonon interaction. The total momentuam of the system is conserved: one can readily verify
that the operator

P =iV, — iV, + > hkala 2.2)
k

commutes with Hamiltonian (2.1). Therefore, we will consider states for which the total
momentum is a ¢-number P, introducing a Lagrange multiplier ». Instead of (2.1), we
consider the new Hamiltonian

H(v)=H—U'(pn+Pz+Zﬁk azak—’P). (2.3)
k

The Lagrange multiplier v is given by 8 H(v)/3'P = v, which implies that v is the average
velocity of the system. This allows us to define a total bipolaron effective mass m* at small
velocities:

P =m*v+ O@h). (2.4)

The first step is to transform Hamiltonian (2.3) into H'(v) = Uy H(v)U[ ! using the
unitary transformation

P
Uy =exp|:—1 ‘”z (va—a;hkalak)] (2.5)

Under this transformation, the total momentum is transformed as follows

P =0 PU =py 4 pr+ 2mut (11— 0) Y ika)a. 2.6)
k

The goal of transformation (2.5) is: (i) to reveal the motion of the centre of mass (CM) of
the two electrons (which is not the same as the bipolaron CM); and (ii) to take into account
the recoil effects. The idea for using parameter ¢ was suggested in [18) and allows us to
treat the weak- and strong-coupling limits at the same time. When a = 1, transformation
(2.5) generalizes the well known Lee-Low-Pines transformation by using the CM coordinate
of two electrons instead of a single electron coordinate.

With the above transformation, the Hamiltonian takes the form

2 v
Howy =2+ B2 ygr — ) —mv? 40P
2m 2m

2
i . a . at 1
+ Ek agaj [hw,rc —hk-v— > hk - (p1 + pz)] 4= am Ek kk apay

+ ) [ap Vgeriekmimi2 gk o glbmy 4 pc]. 2.7
k
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The second step is performed using transformation #"(v) = U H'(v)U; U with
U; =exp [Z(C; (vag — Ck(”)al)] (2.8)
k

to shift the phonon field operators a; — ag + cx(v) by c-numbers cp{w). By this shift, one
can describe a polaron in the strong-coupling limit as an electron captured by a potential well
generated by a large classical compenent of the phonen field. The resulting Hamiltonian
can be split into two parts: H"(v) = Ho{v) + Hu(v). The first term is the non-interacting
part which contains the energy of the free-phonon field and the energy of the electrons
moving in an effective potential

Ho(v)=p—%+p—%+U(]r| —r)—mvi 40P
2m  2m

2 2
> 2} B+ (k)2 ke | v —— _& 2
+ A Jex(v)] [hwk+4m(ﬁk) (v+2m (1+p2) im Ea Rlleci)

I @ o a a’ 2
+ ;akak e+ — (k) =Rk (v 1 +p2) — Zl:ﬁllq(v)}
+ 3 [enw) Ve ek it gikn . bz e, 2.9
k

The other part Hiy; of Hamiltonian (2.3) can be written in a normal-ordered form and will
play no role in what follows.

Up to this point, the ¢p{v) are arbitrary c-numbers which will be determined by
minimizing the energy. The energy is obtained by taking the expectation value of the
Hamiltonian H{v) = Hp{v) + Hin(v) over the trial ket {&,) = ¢, (ry, r2)]0), where [0}
denotes the phonon vacuum. With the above trial ket, the average (H;,(v)} is equal to zero.
We find the following energy functional:

E(¢y] = (Hp(v)) — E(($sl¢) — 1)

2 2
= (B} + (22} wir - ra)

+ (Bolga) (v P = mu) = == (p1 +p2) >kl
a? a?
+ (Polu) ; lex ()1 (hwk g (R Rk v+ hk ;ﬁllq(v)lz)
+ 2; [Vicr(@)ou(@) + Vici@)or(@)] + E(igulgs) — 1) (2.10)
where E is a Lagrange multiplier and we have introduced the notation
orla) = 3 f dry dry e @RI RN L R GR(ry, ro)y (1, 72). 2.11)
A variation with respect to E gives the conventional normalization of the wavefunction

{Doldu} =fdf'; dry y(ry, T2)du(r), T2} = 1. (2.12)
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Furthermore, note that Hamiltonian (2.3) is symmetrical under a permutation of the
electrons. Therefore, the wavefunctions should be either symmetrical (para-bipolaron) or
antisymmetrical {ortho-bipolaron): ¢, (71, T2} = by (s, 7).

The variations of the functional E[¢,] with respect to cz(v) and ¢p(v) determine these
c-numbers as follows

2Viplla)

a a*
kD — —bif = . 2 2
Ao, ~hk-v — E-{ip+p)+ o [?J’tk E{ Al (v)l* + (hk) i|

cp(v) = — . (2.13)

The variation of the functiopal E[¢,] with respect to v leads to a link between the
average velocity and the total bipolaron momentum:

P =2mv+ Y hklep(®). (2.14)
k
On the other hand, the averaging of operator P = U, P Uy with P and U, defined by
equations (2.6) and (2.8), respectively, results in

(Bry = (py +p2) +2mv + (1 — ) Y rklex @), (2.15)
k

Comparing equation (2.14) with (2.15), one obtains the relation

(D1 +p2) =@ Y _hk lcx(w)f (2.16)
k

which simplifies expression (2.13) for the coefficients cx(w) considerably:

2V¢ pi(a)

"Rk — 7tk - v + (@2/am)(hk)? 2.17)

cr(v) =

Introducing the notation M = 2m/a?, we may represent the denominator of expression
(2.17) as follows

k) B + (Mv —hk)? My?
p—l k —

M M 2 (2.18)

hop —hk v+

which corresponds to the energy difference of a free moving particle with momentum Mwv
and the state which has emitted one phonon with momentum k. Thus, the parameter M
should be close to the bipolaron effective mass m*, which is large in the strong-coupling
limit or, equivalently, the parameter @ is small in this limit. Notice that for ¥ 7 0 it s not
permitted to choose a = 0 because this would result in an expression for ¢g(v) in which the
denominator can be equal to zero for some value of the phonon momentum k. In theories
without a cut-off this leads to divergences, which is the main theoretical disadvantage of
the approach in [11]. Taking into account the electron recoil energy (a’/4m)(ak)?, this
difficulty is avoided. Also, for parameter a, in this recoil term, we obtain variationally
an equation. Finally, the variational equation 8E[¢,]/8¢; = 0 leads to the Schradinger
equation for the wavefunction ¢y {r;, r;) where the Lagrange multiplier E plays the role of
the energy of the system. This equation, and the one for a, will be presented in the next
section.
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3. Bipolaron ground-state energy and effective mass

In order that the ground-state energy and the effective mass are well defined, one has to
consider the limit of a slowly moving bipolaron. First, we consider the bipolaron effective
mass. When v tends to zero, terms of order v* may be neglected. The wavefunction ¢, at
v = ( is denoted by ¢ and all averages are now performed over @g rather than over ¢,.
Expanding cz(v) of equation (2.17) in powers of v and substituting it into equation (2.14),
we arrive at the following expression for the bipolaron effective mass:

|Vie Pl (a) 2
(e + (@2/4m)(RE)Y)?

m* =2m+8) (n-hky (3.1)
k

where n is a vector of unit length in the direction of the total momentum 7 (or the average

velocity v). For an isotropic electron-phonon interaction, one may replace {n - k)? by

k%/D, where D is the number of space dimensions. In this case, equation (3.1) simplifies

to

Vil low(a)|?
[hwk + (@2 /4m)(Rk)?]®

. 8
= 2m+ o ;(hk)z (32)

Now the bipolaron ground-state energy will be considered. At v = 0 one obtains, from
equation (2.10), the energy functional

2z 2 2
El¢o] = (2'-) + ( P2 >+ Ui — 2 + (Goldo) 3 lexl® [ﬁwk + %(hk)z}
k

2m) ' \2m
+2Y [Vackor(a) + Vicioi(@)] + E((dolgo) — 1) C (33
k
with the expression for the coefficients ¢
2V pr(a)
= = - kik . 4
% = O = e ¥ @ )R G
The equation for parameter a takes the form
3 | Viel* 0w (@)l }
— = 0. .
da [ ; hoy + (a?/d4m)(Rk)? (33)

The Schrddinger equation for the bipolaron at rest is determined by the functional
derivative 8 E[¢,)/3¢% = 0 which results in the integral-differential equation

Pl P . _
5 + + U(ry, 725 do) | dolr1, T2} = Eggp(ry, 12) (3.6)
m  Zm

with the effective potential

IVel?ox(a) 2
+ (a?/4m)(REK)?

Uir, ro; =U - 4
{r1, r2; ¢o) (Iry —ra) + Zk:hwk

|Vk|2 —take- 2 b ik
-2 p(@)e ek riirdiR ik gikmy 4 oc].
2 ot @ ARy P +ed)

G
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Note the translational degemeracy of equation (3.6): if @o(ry, r2) is a solution then
do(r1 + 7o, 72+ 1p) isalso a solution to the same equation with the same energy, Choosing
a particular solution means fixing a point somewhere in space. Afterwards, equation (3.6)
and its solutions are completely determined,

Alternatively, the above equations can also be formulated as a variational problem
which is wseful in numerical calculations. The ground-state energy Ey can be defined as
the minimum of the functional E{¢o]. The average kinetic energies of both electrons are
equal due to symmetry and one arrives at the functional

Elgo] =T+

. R
r== f dry dry | Vidg(ry, 2) 2

Vil lox@P
=~ o g + [ 97 raUr it ral ¢8)

Now we specify the electron-phonon interaction for the case of the Pekar-Fréhlich
optical polarons for which the phonon frequency does not depend on the wavevector:
wy = wp. According to a paper by Peeters et af [19], one has in a D-dimensional space ~

172
f -1
Ve = —ihwp (% 2mewp (gﬂo | ( )) )

where V is the volume of a D-dimensional ‘crystal” and I'(x) 15 the gamma function. At
D = 3, one arrives at the standard electron—phonon interaction with conventional phonon
frequency wip = w o and dimensionless electron-phonon coupling constant

211 m
am=a=% (-1 /G0 (3.10)

Here, ¢ is the electron charge and €, {€o) is the high-frequency (static} dielectric constant.
With parametrization (3.9), one obtains

]Vklz iher “D\/i |r] [mop
Zk:hwk+(a2/4m)(ﬁk)2° =her=—=5 TV @10

where S(r) can be expressed as a sum of modified Bessel and Struve functions:

1
S(ry = f dx [1 — x2](P-32g=20r (3.12a)
o]
D-1 1\7!
s =Yr (T) (—;) [Lao2n +Lgoi-an]. @2

To describe the direct interaction between electrons, we choose the Counlomb-type
potential

U k
Ul —72l) = hop——— [ ——. (3.13)
fr1 —ra| Y mop
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For D =3, the dimensionless Coulomb coupling constant takes the form

¢ [map 2o
Uy = = . .
D T’La)[.oéoo h 1 - ém/eo (3 14)

Inserting equations (3.11) and (3.13) into (3.8), the average potential energy of a large
bipolaron, gives

. 4/ 201
U=ﬁwn{— ‘/a_ 2

f dry dry dr) dr) o1, 72)Pldo(r}, TP
map
x 8 (1/ > )
2
+ U [ [ anyan, B2 6.15)
mwp fr1 ~ 4

where the symmetry of the wavefunctions is taken into account.
Note that in the strong-coupling limit ¢ — 0 and from equation (3.11) we have
lim,—q S(r/a)/a = 1/(2r), from which we obtain the average potential energy

2 foaf 12
Up = hwp i { ~ 2420 f dr; drp dr} dr), [$ory, T2)l lqbo,(r“ )l
map fry =l

[pa(ry, Tz)iz}

[ = T2l

TI~T] Titr—T -7

a 2

-{-Upfd'rl dry (3.16)

The energy functional (3.8) for 3D bipolarons with potential energy given by equation (3.16)
appeared first in the pioneering paper by Pekar and Tomasevich [20] as a starting point for
Pefar’s adiabatic approach to the bipolaron problem. The very name bipolaron has been
given to this quasiparticle in the cited paper albeit the authors reached a wrong conclusion
on the bipolaron unseability. Here, we start from the Frohlich-type Hamiltonian and find
the same functional as the leading approximation,

4, Applications to 1D bipolarons

In what follows, we introduce the scaled electron—phonon coupling constant [19-21]

LD - 1)/2)

op = epm 2T (D/2)

4.1

Similarly, we define a scaled Coulomb coupling constant U}, so that the ratio Up/op =
Up/ey remains the same. At D = 3, we have ajy = ansp and Uj, = Usp, but
renormalization (4.1) of the electron—phonon coupling constant is necessary to obtain finite
results when D — 1. To derive the equation for the strong-coupling limit in its final form,
it is convenient to perform a scaling

r | R b
T —r '-7:- —_— @ = - (42)
0£D map O(D
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To preserve the normalization of the wavefunction, one must also perform the scaling of
the wavefunction

( J ) =2 ¢o(n,rz) 43)
me OlD mwnp

The effective potential then transforms as follows:

U (r1,72; do) = heopaBUr, vy ¢o). (4.4)
Finally, we arrive, therefore, at the Schridinger equation (p; = —iV,):
Pt Pl
[ 5 + T + U(r, ﬁﬁ'n)] Po(ry, T2) = &g ¢o(ry, 72) (4.5)

with dimensionless scaled energy: g9 = Ey/ (hcupaﬁ) and potentiai

2I(D/2) {U_}, l

Ulry,T2: ¢) = SJETUD — 1)/21 | oy It —

TI=T] Titrz—Tri—T)
b ety

I

a' ’ ’ '
+4/252 [ arydrydr ars o, T Pign(r], )P
=1 rtrr—ri—r

x 8§ ( ep )
_4JE D fcl-r'1 dry |go(rs, "”z)|2[ ( P 20, )
(¥ )|} 4o

The average potential energy is determined by

'
2 — T _ 'J"]-[-‘J"g—'r‘l —1‘2
b 2ah,

U=

2I'(D/2) {Uofd dry ]¢o(r1,r2)|2
VETUD = 1)/2] el

a‘
~4v2% f dr1 dry dr) drs, Ido(r m2) Plda(r’ 7P

xS(af’D ) } (4.7)

The average kinetic energy is the same as that given in equation (3.8) except for the factor
h%/m (because of scaling (4.2), (4.3)).

Equation (3.2) for the bipolaron effective mass together with equation (3.9) and the
same strong-coupling scaling leads to the expression

ri=r] Titr-r-n
b P

«W2T(D/2) [ dk Rloe(b/eR)? 4.8)
D m+02 [ kD=1 [1 4 (bdaDk? '

™ e
m



7934 P Vansant et al

To apply the above equations to the tD bipolaron case, e.g. to equation (4.7), one has
to use the relation

L o) 1
b2 JETI(D - /2] ]

where r is a D-dimensional vector and z is its component afong the direction of the easy
motion of the bipolaror. From equation (3.12), one obtains the expression

) r(D/2)
o1 JaTU(D — 1)/2]

Inserting now equations (4.9) and (4.10) into (4.7). one arrives at the comesponding
expressions for the average potential energy in 1D

= 3(z) (4.9)
S(frl) = e, (4.30)

f dz1 lo(zs, )] — 4302 f 8z dza d7, dz} o, 20)2Mne), Z)I2

b exp( ) . (4.11)

To expand U in inverse powers of o, 2 change of variable is performed in the integral of
equation (4.11)

i
e LT E _ntn-z1-5
1D b a,.'
1D

b/2a), bf20
4ot (2 — 1) (4.12)
! T bp2al 2T T 0
resulting in the following representation for U
- .
U=2—12 f dzy Igo(z1, 20)I* =~ ————- f dz) dzz dz} dzj el |go(z1, 22)P
%ip b/Z i
b2 b2 N\
_Ol%p el 4.13
(z‘+z!‘1 br2af, ¥ @ )1—b/2cxﬂ 2 .15

Taking the limit e}, — oo in equation (4.13), we write down the strong-coupling
expansion up to terms of order 1 /0-’113

U =0+ —U1 4.14)
oh

where the linear term disappears because of integration over z} and where Uy and U, are
given by equations

?

Uy =2-1L Yip dz; Igo(zr, 21)2 — 442 f dzy dzp dz} Igo(zs, 22) Pldo(ze, 24) )2 (4.15)

oip
and

= «/ibzfddezdz'z [il¢0(zx,22)|2} [—3-|¢o(zl~7-3.)|2:l

az) 9z;

_ 23 f dz, dz2 42 go(a, 22) 2

X [I¢o(z: VP (2 — ZZ)B_Z-!%(Z’ . z’z)lz] . 4.16)
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The minimurm of the potential energy is reached at some finite value of b, as follows from
equation (4.16). This means that @, which equals b/af, will indeed tend to zero in the
strong-coupling limit and that the parameter M = 2m/a’ in equation (2.18) behaves, at
large ajp, as M ~ oit,. To calculate the leading term of the strong-coupling expansion, one
may deal with Uy only.

The corresponding effective potential in the nonlinear effective Schrodinger equation
(4.5) can be obtained in the same manner and is of the form

U(z1. 22: o) = 42 f Az dzs 02, 6221, )220, )

- 4\6[ dz; I¢§(z;, )+ ¢§(Zz, 1+ Z%S(m — Z2). 417
10

The same limit D — 1 for the effective mass of equation (4.8) creates no problems. Using
the symmetry of the wavefunction ¢p(z(, 22), it can be written as follows:

m*

d ]
= 2+8~/—2aﬁ)fdz1 dzzdz; Iia_z—ll%(m’zﬂlz] I:é—z"]'[%(ZbZ'g)lz:'- (4.18)

We convince ourselves that, for large o}y, the bipolaron effective mass and parameter M
are both proportional to oj}, that is, M is indeed close to m*. Similar conclusions hold for
D = 2, 3. For instance, at D = 3 we have, from equation (3.11),

SN = %(1 —e™ ). 4.19)

At large oap, argument r will also be large and, as a consequence, the second term will not
contribute. We arrive then at the conventional potential energy (3.16).

To conclude, we have presented a systematic study of the equations describing large
bipolarons in a strong-coupling regime in spaces with an arbitrary dimensionality. Some
of these equations are similar to the ones used previously for the 3D case. The numerical
study of the 1D bipolaron case for the ground and excited states based on these equations
is given in [17].
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